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A magnetic atomic impurity inside a superconductor locally distorts superconductivity. They scat-
ter Cooper pairs as a potential with broken time-reversal symmetry, what leads to localized bound
states with subgap excitation energies, named hereon Shiba states. Most conventional approaches
to study Shiba states treat magnetic impurities as point scatterers with an isotropic exchange in-
teraction, while the complex internal structure of magnetic impurities is usually neglected. Here,
we show that the number and the shape of Shiba states are correlated to the spin-polarized atomic
orbitals of the impurity, hybridized with the superconducting host, as supported by Density Func-
tional Theory simulations. Using high-resolution scanning tunneling spectroscopy, we spatially map
the five Shiba excitations found on sub-surface chromium atoms in Pb(111), resolving both their
particle and hole components. While the maps of particle components resemble the d orbitals of
embedded Cr atoms, the hole components differ strongly from them. The orbital fingerprints of
Shiba states thus unveil the magnetic ground state of the impurity, and identify scattering channels
and interactions, all valuable tools for designing atomic-scale superconducting devices.
Yu-Shiba-Rusinov (Shiba) states [1–3] are identified
in scanning tunneling spectra as pairs of intra-gap res-
onances symmetrically positioned around zero-bias [4–
9]. Each resonance is the excitation of an electron or
hole into the bound state [8], thus representing the par-
ticle or hole components of the quasiparticle wavefunc-
tion. Since Shiba excitations lie inside the superconduct-
ing gap, their lifetime considerably exceed that of other
quasiparticles (QPs). This anticipates that Shiba peaks
behave as a robust probe of scattering phenomena in su-
perconductors, revealing intrinsic properties such as the
distribution of the order parameter [5], the QP band
structure [10], the effect of dimensionality [9], or An-
dreev tunneling processes [8]. Owing to their long life-
time, Shiba excitations exhibit narrow lineshapes, which
enables the study of magnetic phenomena in impurities
with high energy resolution, such as magnetic anisotropy
[11, 12] and magnetic coupling [6, 13].
Theoretical models using classical spins with isotropic
exchange fields have predicted multiple Shiba bound
states associated to angular momentum quantum num-
bers [3]. However, magnetic transition metal (TM) atoms
in a superconductor show a varying number of Shiba
bound states, that depends on the nature of both the
element and the superconductor [5, 6, 8, 9, 16]. Due to
the orbital character of the scattering channels of TM im-
purities, it is expected that Shiba multiplets reflect the
occupation level of the atomic shell [17], what would ren-
der them as the ideal probe for identifying the magnetic
ground state of a single impurity in a superconductor.
However, the orbital character of Shiba states remains
elusive in the scarce previous attempts to experimentally
map them [5, 6, 9, 18], while their spatial extension has
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FIG. 1: Cr impurities in Pb (111). (a) Constant-current
STM image of three Cr atoms in the Pb (111) surface (V=4
mV, I=10 pA, 12× 12 nm2). The atom apparent height is 50
pm for these imaging conditions. (b) Results of a full DFT
relaxation showing that the most stable position of a Cr atom
(blue) is at a sub-surface site (Pb atoms in yellow). (c) Top
view of the local atomic neighborhood of the embedded Cr
atom, composed by seven Pb atoms all at a distance of about
3 ±0.2 A˚. The four largest Pb atoms are surface atoms. The
relaxed Cr atom lies in a pseudo-FCC position, displaced to-
wards two Pb atoms, which are slightly lifted above the sur-
face plane. The resulting cluster resembles a distorted octa-
hedron with an extra atom at one vertex.
been mostly associated with the properties of the super-
conducting host.
Here we explore possible orbital components in Shiba
states by comparing the QP local density of states
(LDOS) of chromium atoms deposited on Pb(111), mea-
sured with a low temperature scanning tunneling micro-
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FIG. 2: Differential conductance spectra measured with a superconducting (Pb-covered [7, 14]) tip (a) on the bare Pb(111)
surface and (b) on the Cr adatom, where intra-gap states are easily recognized. (c) DOS of the Cr impurity obtained by
deconvoluting the tip contribution in (a) from spectrum (b), as described in the SI [15]. Five positive- and five negative-
bias states are observed inside the superconducting gap, at opposed bias-polarity values, in agreement with five pairs of Shiba
excitations with different intensities. Most of the differences in peak intensity are due to their inhomogeneous spatial distribution
[15]. (d) dI/dV maps over the Cr impurity at the energy of the intra-gap states in the spectrum (b) (expanded here for clarity).
The maps represent the amplitude of each spectral peak obtained from a 52×52 matrix of dI/dV spectra acquired in an area
of 2.2 nm×2.2 nm over the chromium atom (all with set point V=4 mV and I=0.35 nA). Gap peaks are labeled according
to their position and hole(h)/particle(p) character. Peaks vh6 /v
p
6 correspond, respectively, to injection of holes/electrons into
states p5/
h
5 , which are thermally populated by particles/holes due to their proximity to EF . Therefore, states 
p
5 and 
h
5 are
imaged twice.
scope (STM), with atomistic simulations based on Den-
sity Functional Theory (DFT). We deposited Cr atoms
on a Pb(111) film grown on SiC(0001) (thickness > 100
nm) at 15 K. The atoms appear in STM images (mea-
sured at T = 1.2 K) as protrusions with a small apparent
height of ∼ 50 pm (Fig. 1 a) [14], suggesting a subsurface
atomic configuration of the Cr atoms. This is further sup-
ported by our DFT calculations (see Methods section and
Supplementary Information (SI) for details), which reveal
that the most stable configuration corresponds to the Cr
atom underneath the uppermost Pb layer, as sketched in
Figs. 1b and 1c.
The quasiparticle LDOS associated to subsurface Cr
impurities was obtained from differential tunneling con-
ductance (dI/dV) spectra using superconducting Pb-
terminated tips to increase the energy resolution beyond
the thermal limit [7]. Figure 2a shows a typical dI/dV
spectrum acquired on bare Pb(111) that exhibits a dou-
bled SC gap of Pb with sharp coherence peaks at ±
2∆ = 2.7 meV [19]. The dI/dV curve taken on a Cr
atom in Fig. 2b reveals a rich spectral structure inside
the superconducting gap, with six intra-gap peaks at each
polarity (i.e. six peak pairs), in addition to the original
Pb coherence peaks. To obtain the quasiparticle LDOS,
we deconvoluted the experimental dI/dV spectrum on
chromium (Fig. 2b) using the superconducting DOS of a
Pb-tip, estimated from Fig. 2a (details in SI [15]). The
deconvoluted spectrum, shown in Fig. 2c, shows just five
energy-symmetric pairs of peaks, labeled as h,pn (n=1, 2,
3, 4, 5) in Fig. 2d. We attribute these pairs of peaks
to five Shiba states with excitation energies 1 = ±1.1
meV, 2 = ±0.9 meV, 3 = ±0.62 meV, 4 = ±0.45
meV and 5 = ±0.125 meV. An additional pair of peaks,
closest to zero bias in the dI/dV spectrum of Fig. 2b,
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FIG. 3: DFT results of d scattering states of Cr/Pb(111) and their corresponding Shiba states. (a) Top-view of wavefunction
amplitude isosurfaces for the five electronic states of the cluster shown in Fig. 1c. These five states are the only ones with
relevant weight from the original d-manifold of the Cr atom, and their shape resemble the Cr d-electrons modified by the
symmetry of the embedded site, as can be seen in the top view of their squared amplitude modulus in (b). (c) Spin-polarized
projected density of states (PDOS) of the full electronic structure of the Pb(111)+Cr slab (Fig. 1b) on the five cluster orbitals
depicted in (a). The cluster states are considerably broadened due to the strong coupling with the complete Pb system, and
spin-polarized: only one spin component is shown here, the other component shows only PDOS well above the Fermi level. (d)
Modulus squared of the Bogoliubov quasiparticle coefficients, i.e. |un(~r)|2 and |vn(~r)|2, on the Pb(111) surface, calculated for
the five cluster states of (a) (see SI [15]).
denoted Vh6 and V
p
6, appear at bias voltages ±(∆− 5)/e
and, thus, corresponds to a thermal replica of the Shiba
pair h5/
p
5 [8]. Shiba multiplets arise naturally as differ-
ent angular momentum components in isotropic exchange
fields. However, the resolution of a five-fold Shiba mul-
tiplet achieved here enables us to reinterpret their origin
in terms of atomic properties of the impurity [11, 17].
To probe the orbital origin of the Shiba bound states,
we map their intensity in a small region around the Cr
impurity. Figure 2d shows dI/dV maps obtained for the
same Cr atom at the voltages of all twelve peaks found
inside the SC gap (See Methods). In contrast to the
featureless protrusion in topography (inset of Fig. 2d),
the conductance maps reveal various features around the
Cr impurity. Each Shiba state appears with a different
shape within the same polarity, as well as at the cor-
responding opposite polarity. For example, the shape
of the QP states p3 and 
p
4, and 
p
5 are markedly differ-
ent from their corresponding hole states, which reveals a
particle-hole asymmetry in the wavefunction of the cor-
responding Shiba states. Such spatial asymmetry is also
observed in the thermal replicas at V h6 = −(∆ − p5)/e
and V p6 = (∆ − h5 )/e, which show the shapes of their
mirror states p5 and 
h
5 , respectively. The different shape
of particle and hole components of every state explains
their different peak amplitude in point spectra like in Fig.
2b. In fact, dI/dV spectra averaged over the whole ex-
tension around the Cr impurity levels their intensity at
both polarities (see SI [15]).
To find out the origin of the number and shape of the
Shiba states, we simulated with DFT (see methods) the
scattering channels of the embedded Cr impurity and
modeled their effect in producing Shiba bound states.
The channels are very sensitive to atomic-scale details of
the Cr atom and its environment. We employed the most
stable Cr site in the subsurface plane described in Figure
1b (see SI [15]), and found that this site produced results
compatible with the experiment.
The identification of Cr-derived scattering channels is
difficult; the embedded atom does not lie in a fully sym-
metric position inside the Pb FCC crystal, while it in-
duces a significant displacement on its first Pb neighbors.
Consequently, the Cr d orbitals are strongly hybridized
and mixed with Pb sp bands. To facilitate their identi-
fication in the band’s continuum, we calculated first the
single-electron energy levels of the cluster formed by the
Cr atom and the 7 first neighbours with apparent inter-
action (shown in Fig. 1c). We found that, at least in this
reduced ensemble, there are five singly-occupied states
with clear d character centered in the Cr atom. Figure
43a plots isosurfaces of wavefunction amplitude for the five
eigenstates inside the atomic cluster. Their shape partly
resembles the original symmetry of d orbitals. In the
full Pb system, these states appear as broad resonances
around -2.6 eV (Fig. 3c shows the DOS of the Pb slab
projected on the five cluster states of Fig. 3a) due to the
mixture with sp bands of the lead film, but their spin po-
larization remains very strong. We deem that these five
one-electron states host the five spin-polarized scattering
channels, through which the intra-gap bound states are
created.
The spatial shapes of the five Cr-states of the cluster,
projected on the surface (Fig. 3b), show already some
level of agreement with the experimental Shiba maps.
For example, the maps of peaks h4 , 
p
5, or 
p
3 resemble the
shapes of states Cr3, Cr2, or Cr4, respectively. To corre-
late orbital states with subgap impurity bound states, we
computed the corresponding Shiba states by considering
that the effect of an impurity on the total Hamiltonian
can be divided in potential (no spin degrees of freedom)
and in spin contributions [3], such that
HˆImp = K(~r)− J(~r)~S · ~σ. (1)
In a first approximation, the five scattering channels
pictured in Fig. 3a diagonalizes these contributions.
They are then responsible for the appearance of five
positive-energy (particle) and five negative-energy (hole)
Shiba states in the QP LDOS, symmetrically aligned with
respect to the Fermi energy [17]. The DFT results indi-
cate that for this system the potential scattering term K
in Eq. (1) is very small. In the absence of a potential
scattering term, a large degree of particle-hole symmetry
in the weight and amplitude of the Shiba states is ex-
pected [5, 20]. This is indeed the case after adding up all
differential conductance spectra measured over the sur-
face region around the Cr impurity, as commented above
and shown in Fig. S3 in the SI [15].
The spatial distribution of Shiba amplitudes can be de-
picted by the squared modulus of the Bogoliubov quasi-
particle coefficients, |un(~r)|2 and |vn(~r)|2, representing
the LDOS of their particle and hole components, respec-
tively [21]. Figure 3d plots the quantities |un(~r)|2 and
|vn(~r)|2 over the embedded Cr impurity, obtained as de-
scribed in the SI [15]. The results reproduce the different
shape of particle and hole states from the experiments:
the particle component |un|2 resembles the shape of Cr
d states in Fig. 3c, while |vn|2 deviates strongly. This is
due to the dominating spin contribution to the potential:
QP scattering with hole components produces a phase
reversal for wavevectors of the Fermi surfaces of lead,
resulting in a clear distortion of the shape of scattering
channels [15].
We can recognize several features from the experi-
mental conductance maps of Shiba states (Fig. 2d) in
the simulated particle and hole components of Bogoli-
ubov quasiparticles (Fig. 3d). In particular, the parti-
cle components |un|2 of orbitals Cr2 and Cr4 resemble
the shape of positive bias Shiba maps p5 and 
p
3, respec-
tively, whereas their |vn|2 fits well with the corresponding
negative-bias maps, h5 and 
h
3 . However, the opposite be-
haviour is found for the Shiba bound state 4: the shape
of the particle component matches with the negative bias
map. The reversal of bias polarity of particle and hole
components is a fingerprint of a quantum phase transi-
tion driving a spin channel from a doublet into a Shiba
singlet state. This occurs when the exchange coupling
constant J is large to induce the breaking of a Cooper
pair [7, 12, 22]. In our case, this reveals that the given
scattering channel is fully screened into a singlet state
due to a larger exchange potential and, thus, does not
contribute to the total atomic spin.
The sharp maps of Shiba states change shape rapidly
between peaks, in barely less than 200 µeV, a much
greater accuracy than any other method of orbital imag-
ing one-electron states, and in spite of the large degree of
hybridization of the buried atom. This is ensured by the
superconducting gap in the QP spectrum, which keeps
Shiba states with long excitation lifetimes and decou-
pled from other QPs (except indirectly via thermal ef-
fects and/or via Andreev processes [8]). Moreover, Shiba
states are fairly unperturbed by the presence of close im-
purities. Our measurements, shown in the SI [15], reveal
that two impurities separated by only 4 surface lattice
parameters (1.4 nm) display largely undisturbed Shiba
conductance maps, what is attributed to the short lo-
calization length scale of Shiba states in three dimen-
sions [3, 9]. This suggests that coupling impurity-induced
bound states together into extended magnetic structures
[6, 23, 24] requires impurity separations well in the sub-
nm range. In these structures, identification of the char-
acteristic orbital symmetries of impurity bound states is
thus a unique fingerprint to unveil their (channel-specific)
magnetic ground state, their magnetic coupling to other
nearby impurities, and to follow the formation of ex-
tended Shiba bands.
METHODS
STM measurements
The experiments were conducted in a commercial
SPECS GmbH Low-Temperature (1.2 K) STM, under
Ultra-High Vaccum conditions. Pb(111) films (thick-
ness > 100 nm) on SiC(0001) substrates show crystalline
grains with diameters larger than 300 nm. To increase
the energy resolution, the STM tip was repeatedly em-
bedded in the Pb film until a superconducting tip was
obtained. The full superconducting state of the tip was
proved by performing STS spectra on bare Pb regions
5and showing that the two sharp coherence peaks appear
at a distance close to 4×∆, where ∆=1.35 meV, as in
Fig. 2a. Contrary to single-crystal measurements [14]
the spectra on bare Pb films never showed the character-
istic double gap structure, probably due to the small film
thickness compared to the Pb coherence length-scale. Cr
atoms were deposited on the Pb(111) surface at a surface
temperature of ∼ 15K. The spectra shown were obtained
using a lock-in amplifier, with modulation Vrms=10 µV
at 938.5 Hz. The Shiba conductance maps were obtained
from a matrix of 52×52 dI/dV(V) spectra measured in a
region of 4.8 nm2 over the Cr impurity. The correspond-
ing topography images do not show any of the features
observed in the Shiba maps (see inset of Fig. 2d). Analy-
sis of STM and STS data was performed with the WsXm
[25] and SpectraFox [26] software packages.
Theoretical details
Standard calculations using DFT were performed to
reproduce the total energy and the electronic structure
of different configurations of a Cr atom on Pb (111) (see
SI [15]). The calculations unequivocally predict a subsur-
face configuration under the surface bridge site, with con-
siderably distortion of the surface Pb layer. A minimal
Pb-Cr cluster is used to determine the local electronic
structure near the Cr atom. Using the wavefunctions of
this cluster, the Bogoliubov-de Gennes equations are ap-
proximated, in the presence of an exchange field, obtain-
ing the equivalent of Rusinov’s equations using general-
ized scattering channels and a non-free-electron normal
metal. The equations are further approximated to yield
the spatial distribution of the Shiba states, as detailed in
SI [15].
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THE ADSORPTION OF Cr ATOMS ON Pb(111)
Chromium atoms were directly evaporated onto sample stage of our SPECS JT-STM, hosting the Pb(111) film
at ∼ 15K . The STM topography of individual Cr atoms shows a distinctive elongated shape, signaling a 2-fold
symmetry of the adsorption site (Fig. S1a). The longitudinal axis of the elongated shapes points towards the three
main crystallographic axis of the Pb(111) surface (see Figs. S1c and S1d). The spectroscopic features are identical
for the three differently adsorbed Cr atoms, just with spatial shapes rotated 120o. The height of Cr atom is relatively
low, typically amounting ∼ 50 pm, as for the atom shown in Fig. S1a (Fig. S1b). Both, the low height and elongated
shapes along crystallographic direction agrees with DFT findings shown in the main text, and described next.
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FIG. 1: (a) STM image of a Cr atom on the Pb(111) surface. They appear as elongated protrusions (V = 4 mV, I = 10 pA,
size: 13× 13 nm2). (b) Height profile of Cr atom in (a). The height of the atom is ∼ 50 pm. (c) and (d) shows STM images of
a 13× 13 nm2 area obtained with the same parameters. The elongation of Cr atoms points towards three directions separated
by 120◦.a
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2top bridge FCC HCP
Surface −0.812 −1.209 −1.263 −1.268
Subsurface - −1.483 −1.411 −1.121
TABLE I: Adsorption energies in eV of a Cr atom at different surface (atop the first Pb (111) layer), or subsurface (between
the first and second layers) sites. The subsurface bridge site corresponds to an adsorption configuration where the Cr atom is
below the first layer but between the FCC and bridge sites.
Density functional theory calculations
The Density Functional Theory calculations were performed using the VASP [1] code. We simulated the Cr/Pb(111)
system with slab of 5 Pb layers and a 5 × 5 Pb(111) surface unit cell. We used the PBE exchange-and-correlation
functional [2] with the Dudarev et al [3] correction for the intra-atomic correlation of the Cr d-manifold, Ueff = 4 eV,
together with the PAW method [4] and a cutoff energy of 250 eV. The k-point sampling was 3 × 3 × 1. Forces were
relaxed until they were smaller than 0.02 eV/A˚.
We find a lattice parameter for the Pb crystal of 5.02 A˚. This is 0.07 A˚ larger than the experimental one as expected
from the generalized-gradient approximation PBE. We computed the adsorption energy (energy gain with respect to
having a Cr atom in the gas phase and a perfect surface) of a Cr atom at several high-symmetry sites on the Pb(111)
surface and subsurface. The results are shown in Table I. Subsurface adsorption is more favourable for both FCC-
hollow sites and bridge sites, but less favourable for HCP-hollow sites due to the presence of the second-layer Pb
atom. We computed next the potential barrier height for a Cr atom to reach a sub-surface FCC hollow site, and
found that this was only 21 meV. So, (hot) Cr atoms deposited onto the Pb(111) surface can easily cross this barrier
and relax into a subsurface site before dissipating their thermal energy. A subsurface adsorption agrees well with the
small experimental corrugation found in our experiment, as well as in previous reports for the adsorption of Fe on
Pb(111) [5].
However, Cr atoms show lower symmetry in STM images (two-fold, as seen in Fig. S1). Allowing full relaxation
of a Cr atom at an initial subsurface FCC site, we find that it slightly drift towards the bridge site, finding its lower
energy configuration (Eadsorp=-1.483 eV) at an intermediate point between subsurface bridge and FCC hollow sites.
As shown in Figure 1 of the main text, in this configuration the two closer bridge atoms on top are slightly displaced
upwards, and the Cr atom sits in the center of an (slightly deformed) octahedron of Pb atoms approximately 3.2
A˚ away. A seventh Pb atom of the surface also lies within this distance, and the interaction of the Cr impurity
with the Pb crystal can be reduced to these 7 neighbouring Pb atoms. This configuration exhibits a mirror plane,
perpendicular to the (111) surface, in good agreement with the symmetry of the measured topography.
Figure 3c in the main text shows the (spin-polarized) density of states projected on the d-manifold of the minimal
cluster of Fig. 1, for a Cr atom embedded in Pb (111) as described above. Since this cluster is a component of
the Cr-Pb system, the electronic hybridization between the cluster states with a large d-component (orbitals from
1 to 5 in Fig. 3) is large, leading to broad occupied peaks in the PDOS. The corresponding d-derived states with
opposite spin polarization are unoccupied and lie above the vacuum level in the present calculation, showing that
the system is strongly spin polarized. Indeed, the above magnetic moments corroborate this picture, Table II. The
crystal field around the Cr atom splits the d-manifold. We see a tendency to degenerate two pairs of states as one
would expect from an octahedral symmetry, however the calculations show that the symmetry is lower due to the
partial reconstruction of the surface and the inclusion of a seventh atom in the minimal cluster. As a consequence all
degeneracies are lifted and five different states are recovered. These gives rise to five distinct Shiba states.
top bridge FCC HCP
Surface 5.1 4.9 4.9 4.9
Subsurface - 4.1 4.0 4.1
TABLE II: Atomic magnetic moments in µB of the adsorbed Cr atom. On the surface, the Cr atom largely keeps its nominal
S=5/2 spin, but in between the first and second Pb layers, the spin drops to S=2.
Table II shows the magnetic moments of the Cr atoms in the above adsorption sites. As the coordination with Pb
atoms increases the magnetic moment decreases due to the hybridization of the Cr d-manifold with the Pb bands.
On the surface, the spin of the Cr atom is 5/2. The preferred subsurface adsorption leads to a reduction of the Cr
spin to S=2.
3EVALUATION OF SHIBA STATE IMAGES
The theory of Shiba states is well covered in the literature [6–9]. Rusinov includes all ingredients in his excellent
article on superconductivity near a paramagnetic impurity [8]. Here, we use his methodology, extending it to the
scattering states of the impurity as done by Moca and co-workers [9]. As explained by Balatsky et al [10, 11]
we can approximate the STM image by |uµ↑ (~r)|2 for positive bias and by |vµ↓ (~r)|2 for negative bias. Here, u and
v are the quasiparticle amplitudes that enter the Bogoliubov-de Gennes equations [8]. Superscript µ denotes the
scattering channel. As remarked by Moca and co-workers [9], we can use the Kondo approximation written in terms
of scattering channels to treat the scattering of one electron off the paramagentic impurity. We use the definition
of eigenchannels given by Paulsson and Brandbyge [12]. We can see that the eigenchannels will diagonalize the
hybridization function [13], given by:
Γm,m′(ω) =
∑
n~k
Vm,n~kVn~k,m′δ(ω − n~k). (1)
Here Vm,n~k is the one-electron hybridization between the impurity’s orbitals, m and the substrate’s Bloch wave
functions, given by n,~k, at energy n~k. By virtue of the Wolf-Schrieffer transformation, the eigenchannels also
diagonalize the potential and Kondo scattering interactions:
Hˆimp =
∑
µ,α
Kµψˆ†µ,α(~r)ψˆµ,α(~r)−
1
2
∑
µ,α,β
Jµψˆ†µ,α(~r)~σα,β · ~Sψˆµ,β(~r). (2)
In this expression, K and J are the matrix elements of the scattering potential and the exchange-coupling term, α, β
are spin-12 indices. Hence, the above expression takes into account that the scattering eigenchannels given by the field
operators ψˆµ,α diagonalize the interactions with respect to the scattering indices µ given by the impurity’s d-manifold.
The Shiba states can now be found by looking at solutions inside the superconducting gap ∆. The in-gap scattering
prevents spin-flips so that we can just take the non-spin-flip components of Eq. (2). We adopt the Nambu notation
following Shiba [7] such that the impurity Hamiltonian acts on a Nambu wavefunction, Ψ(~r), as:
HˆimpΨ(~r) =
∑
µ,α,β
(Kµρzδα,β − 1
2
JµSσzρz)ψµ,β(~r)〈ψµ,α|Ψ〉. (3)
In this equation, tensorial products are not written and σz and ρz are the z Pauli matrices for the spin and spatial
sectors. The full Hamiltonian is divided in two, following Rusinov [8]. The superconductor is treated in the BCS
model in the Nambu space. Hence, the Shiba states are solutions of:
[HˆBCS + Hˆimp]Ψ(~r) = Ψ(~r) (4)
where  is the energy of the Shiba state. We can solve the above equation using the BCS resolvent, GBCS(~r − ~r ′),
obtaining
Ψ(~r) =
∫
GBCS(~r − ~r ′)HˆimpΨ(~r ′)d3r′. (5)
The resolvent is given in terms of the normal-metal Bloch functions φn~kα(~r) by
GBCS(~r − ~r ′) =
∑
n~kα
φn~kα(~r)φ
∗
n~kα
(~r ′)
2 − ξ2
n~k
−∆2n
[+ ξn~kρz + ∆nσyρy]. (6)
Including the above equation in Eq. (5) together with Eq. (3), we obtain the equivalent of Rusinov’s equations using
generalized scattering channels and a non-free-electron normal metal:
uµ↑ (~r) =
∑
n,~k,α
φn~kα(~r)
2 − ξ2
n~k
−∆2n
[(+ ξn~k)(K
µ − 1
2
JµS)〈φn~kα|ψµ,↑〉〈ψµ,↑|uµ↑ 〉
+ ∆n(K
µ +
1
2
JµS)〈φn~kα|ψµ,↓〉〈ψµ,↓|vµ↓ 〉] (7)
4and for the occupied part:
vµ↓ (~r) = −
∑
n,~k,α
φn~kα(~r)
2 − ξ2
n~k
−∆2n
[(− ξn~k)(Kµ +
1
2
JµS)〈φn~kα|ψµ,↓〉〈ψµ,↓|vµ↓ 〉
+ ∆n(K
µ − 1
2
JµS)〈φn~kα|ψµ,↑〉〈ψµ,↑|uµ↑ 〉]. (8)
In order to evaluate the modulus square of the above two expressions that give rise to the computed Shiba images,
Fig. 3 of the main text, we perform the following approximations. We assume we can replace the Bloch functions by
simple plane waves. This reduces the computational effort to performing Fourier transforms over the first Brillouin
zone, ψµ(~k) = 〈φn~kα|ψµ〉. Furthermore, we assume that the scattering channels, ψµ,↓, are independent of the spin as
done in a restricted Hartree-Fock approximation. In this case, the above equations are simplified to
uµ↑ (~r) =
1√
vol
∑
n,~k
ei
~k·~r
2 − ξ2
n~k
−∆2n
ψµ(~k)[(K
µ − 1
2
JµS)(+ ξn~k)〈ψµ|uµ↑ 〉
+ ∆n(K
µ +
1
2
JµS)〈ψµ|vµ↓ 〉] (9)
and for the hole part:
vµ↓ (~r) = −
1√
vol
∑
n,~k
ei
~k·~r
2 − ξ2
n~k
−∆2n
ψµ(~k)[(− ξn~k)(Kµ +
1
2
JµS)〈ψµ|vµ↓ 〉
+ ∆n(K
µ − 1
2
JµS)〈ψµ|uµ↑ 〉]. (10)
Despite the obvious simplification, these equations are still difficult to solve. In order to sketch the shape of the
resulting Shiba states, we have focused on the spatial components of uµ↑ (~r) and v
µ
↓ (~r). We assume that the overlaps
of the scattering functions with the quasiparticles coefficients are constant and we do not solve these equations
self-consistently. To estimate them, we use that a single eigenchannel enters the quasiparticle functions, and then:
uµ↑ (~r) = 〈~r|ψµ〉〈ψµ|uµ↑ 〉 (11)
and from here we obtain that
uµ↑ (0)
vµ↓ (0)
=
〈ψµ|uµ↑ 〉
〈ψµ|vµ↓ 〉
.
From the usual Rusinov’s equations, Ref. [8], we obtain that this ratio is approximately 0.3 for typical coupling
values. According to our DFT calculations the potential scattering is much smaller than the Kondo one and we can
approximate the states by
uµ↑ (~r) ∝
∑
n,~k
ei
~k·~r
2 − ξ2
n~k
−∆2n
ψµ(~k)[0.3(+ ξn~k) + ∆n] (12)
and for the hole part:
vµ↓ (~r) ∝
∑
n,~k
ei
~k·~r
2 − ξ2
n~k
−∆2n
ψµ(~k)[− ξn~k − 0.3∆n]. (13)
We clearly see in these equations that the quasiparticle images are made from the Fourier components of the
scattering wave functions. We take as the scattering wave functions the wavefunctions of each orbital depicted in
Fig. 3 of the main text, as they correctly reproduce the impurity’s states in the minimal cluster around the impurity.
We observe that BCS factor multiplying the Fourier components of the scattering wave functions, 1/(2 − ξ2
n~k
−∆2n),
is basically a Dirac δ function centered about the Fermi energy. Hence, it acts as a filter, selecting the Fourier
5components for the wavevectors ~k of the Fermi surface, what de Facto causes that only band states ξn~k within ∼ ∆n
about the Fermi energy contribute to the quasiparticle amplitudes.
The spatial dependence comes from the contribution of the different Fourier components, ψµ(~k) evaluated at the
Fermi sphere. The extended two Fermi surfaces of Pb assure that almost all ~k components are well represented in the
summations. The Fourier components of the scattering wavefunctions are further weighed by a factor proportional to
0.3(+ ξn~k) + ∆n (14)
for the empty-state quasiparticle wavefunction and
− ξn~k − 0.3∆n (15)
for the occupied one.
We can easily observe that the coefficient of the hole component vµ↓ , Eq. (15), changes sign at the value ξn~k =
− 0.3∆n, which is a positive number, smaller than ∆n. This means that, as the ~k approaches the Fermi wavevector
~kF , the Pb band ξn~k approaches the value at which the factor (15) changes sign, and the components ψµ(
~k) undergo
a phase-shift in the Fourier summation. However, for the particle component uµ↑ , the change of sign of the factor in
Eq. (14) takes place at ξn~k = −(+∆n/0.3), which is beyond the values weighted by the BCS factor in the summation
and, thus, all ψµ(~k) components contribute constructively with roughly with the same coefficient.
The consequences are that the empty states, uµ↑ , are basically proportional to the sum of ψµ(~k)e
i~k·~r over the
Fermi surface because there is no sign change of the coefficients for the allowed range of values. For Pb, the two Fermi
surfaces expand a quite complete subset of the first Brillouin zone, leading to empty Shiba states uµ↑ maintaining same
symmetries as the scattering states, as shown in Figure 3d of the main text. On the contrary, the filled states, vµ↓ ,
suffer a change of sign in the summation of Fourier components. The corresponding phase shifts cause a considerably
distortion of the final symmetries. For simplicity, the maps of |uµ↑ |2 and |vµ↓ |2 in Fig. 3d are constructed employing
a simplified double-band Fermi surface covering most of the first Brillouin zone, but we expect that Fermi surfaces
with pockets and large anisotropy in k-space will induce projected shapes of Shiba states very distorted from the
originating impurity states.
DECONVOLUTION OF THE TUNNELLING SPECTRA
We employed superconducting tips to increase the energy resolution of the tunnelling spectroscopy. For that
reason, a double quasi-particle gap (4∆) is observed instead of one of width 2∆ in the tunnelling spectra. In order to
deconvolute the tunnelling spectra as if a normal-metal tip were employed, we used the following methodology [14].
We assume that the current is proportional to the convolution of the tip’s and sample’s densities of states, ρT (ω)
and ρS(ω), respectively. Hence, the differential conductance is given by
∂I
∂V
∝
∫
ρS(ω)
∂ρT (ω − eV )
∂V
[f(ω − eV, T )− f(ω, T )]dω +
∫
ρS(ω)ρT (ω − eV )∂f(ω − eV, T )
∂V
dω (16)
where the Fermi distribution function is given by f(ω, T ).
For the superconducting tip, we assume a BCS density of states (DOS) with a phenomenological broadening
parameter γ which broadens the sharp features at the gap edges [15]:
ρT (ω) ∝ sgn(ω)Re
(
ω√
ω2 + 2iωγ −∆2
)
. (17)
We estimate the values of ∆ and γ through simulation of an experimental spectrum on a bare region of the Pb(111)
surface, i.e. away from Cr atoms. We substitute Eq. (17) for both ρS and ρT in Eq. (16) and find the parameters which
show the best agreement with the experimental empty tunnelling spectra. Good agreement is found for ∆ = 1.341
meV and γ = 0.0303 meV at T = 1.1 K. With the approximate ρT we can write down Eq. (16) in discrete form as a
matrix operation on the (unknown) sample DOS: [
∂I
∂V
]
∝ C[ρS ]. (18)
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FIG. 2: (a) Surface integrated tunnelling spectra obtained by summing all spectra measured over the Cr atom shown in
the inset (2.2 × 2.2 nm2), and which used in Fig. 2d of the main text. (b) Deconvoluted tunnelling spectra showing the five
quasiparticle bound states. The peak intensity symmetry is partially restored.
where the left hand side is a column vector with the (known) experimental spectrum, and [ρS ] is a column vector
with the (unknown) DOS of the sample. By comparing Eqs. (16) and (18), and transforming the integral to a discrete
sum over a finite energy range we find the elements of the convolution matrix:
Cij =
∂ρT (ωj − eVi)
∂V
(f(ωj − eVi, T )− f(ωj , T )) + ρT (ωj − eVi)∂f(ωj − eVi, T )
∂V
, (19)
in which ωj are the discrete energy values and Vi the bias voltage values of the tunnelling spectrum. In general, C has
no inverse, meaning that we cannot solve for ρS in Eq. (17). However, an approximate solution can be obtained by
multiplying the left hand side of Eq. (18) by the Moore-Penrose pseudoinverse of C. This procedure naturally yields
the best approximate (least-squares) solution:
[ρS ] ∼ (C∗C)−1C∗
[
∂I
∂V
]
. (20)
In order to verify the accuracy of this procedure we re-convolute the obtained ρS with ρT through Eq. (18) and find
excellent agreement with the original spectrum.
AVERAGED TUNNELLING SPECTRA
As we mention in the main text, due to the small potential scattering term at the impurity, a large degree of
particle-hole symmetry in the weight and amplitude of the Shiba states is expected. But spectra shows usually very
different peak intensities for each component of a Shiba pair, what is probably due to the inhomogeneous shapes of
the states. To prove this, we summed over all the 52×52 point spectra obtained over the 2.2× 2.2-nm2 area of Figure
2. The resulting spectrum, Fig. 2, clearly show that the surface-averaged intensities recover in part peaks with similar
amplitude in their particle and hole components and, thus, the source of asymmetry in a single spectrum is partly
due to the different the spatial distribution of each pair of functions {u↑(~r), v↓(~r)}. The deconvoluted spectra give
five Shiba states at energies 1=1.1, 2=0.9, 3=0.62, 4=0.45 and 5=0.125 meV in good agreement with the energies
obtained from the spectra at a single spatial point.
CONDUCTANCE MAP OF TWO NEIGHBOUR Cr IMPURITIES
Figure 3 depicts the conductance maps at negative Shiba quasiparticle states, performed as described in Figure 2
for the single impurity case: a matrix of dI/dV spectra is acquired with stabilization voltage -4 mV and current 0.4
nA. The two Cr atoms are separated by four lattice unit cells (∼ 1.4 nm). The spatial distributions of the Shiba states
is similar to the isolated impurities, with some faint distortion in the shape of states h3 and 
h
4 , but rotated by 120
◦,
in agreement with the three possible orientation of the adsorption site respect to the Pb(111) crystal directions. The
bias at which these states are found agree within 0.05 mV with the states of isolated impurities.
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FIG. 3: Conductance images over two Cr impurities separated by 1.4 nm, mapping (b-f) the amplitude of negative Shiba
states hn and (a) the thermal replica V
h
6 . The maps are construted from a matrix of spectra over the shown area, as described
in the main text.
The similarities, both energetically and spatially, with teh conductance maps of a single impurity in Fig. 2 lead us
to the conclusion that impurities at a distance of 1.4 nm exert no influence onto each other. Furthermore, this data
show that mapping Shiba states offers the possibility of investigating channel specific magnetic coupling.
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